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ON THE CONSTRUCTION OF GRADIENT RICCI SOLITON
WARPED PRODUCT
F.E.S. FEITOSA, A.A. FREITAS FILHO AND J.N.V. GOMES
Abstract. In this paper we show that an expanding or steady gradient Ricci
soliton warped product Bn ×f F
m, m > 1, whose warping function f reaches
both maximum and minimum must be a Riemannian product. Moreover,
we present a necessary and sufficient condition for constructing a gradient
Ricci soliton warped product. As an application, we present a class of ex-
panding Ricci soliton warped product having as a fiber an Einstein manifold
with non-positive scalar curvature. We also discuss some obstructions to this
construction, especially in the case when the base of the warped product is
compact.
1. Introduction
The study of warped products have been of great interest throughout the recent
years. This concept was first introduced by Bishop and O’Neill as they succeeded to
give examples of complete Riemannian manifolds with negative sectional curvature
[5]. Given two Riemannian manifolds (B, gB) and (F, gF ) as well as a positive
smooth function f on B, we define on the product manifold B × F the metric
g = pi∗gB + (f ◦ pi)2σ∗gF , (1.1)
where pi and σ are the natural projections on B and F , respectively. Under these
conditions the product manifold is said to be the warped product of B and F ; it is
denoted M = B ×f F and the function f is called the warping function. Notice
that when f is constant M is just the usual Riemannian product. Albeit the class
of warped products with non-constant warping functions provides a rich class of
examples in Riemannian geometry, it was shown by Kim-Kim [22] that there does
not exist a compact Einstein warped product with non-constant warping function
if the scalar curvature is non-positive. Moreover, they observed that a necessary
condition for a warped product be an Einstein manifold is its base be a quasi-
Einstein metric, i.e., a Riemannian manifold whose modified Bakry-Emery Ricci
tensor is a constant multiple of the metric tensor. One should point out that
some examples of expanding quasi-Einstein manifolds having as a fiber an arbitrary
Einstein manifold as well as steady quasi-Einstein manifolds with fiber of non-
negative scalar curvature were constructed in [4]. More recently, Barros-Batista-
Ribeiro [2] provided some volume estimates for Einstein warped products similar to
a classical result due to Calabi [9] and Yau [26] for complete Riemannian manifolds
with non-negative Ricci curvature. For this, they made use of the approach of
quasi-Einstein manifolds. In particular, they also presented an obstruction for the
existence of such a class of manifolds. We would like to mention here the work of
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He-Petersen-Wylie [19] concerning warped product Einstein manifolds. Being an
extension of the work of Case-Shu-Wei [10] and some earlier work of Kim-Kim [22],
the upshot of [19] is that the base may have non-empty boundary.
A natural generalisation of the Einstein manifolds are the Ricci Solitons. This
concept was introduced by Hamilton [16] in early 80′s. We recall that a Ricci
soliton is a complete Riemannian manifold M endowed with a metric g, a vector
field X ∈ X(M) and a constant λ satisfying the equation
Ric+
1
2
LXg = λg. (1.2)
We shall refer to this equation as the fundamental equation. A Ricci soliton is
called expanding, steady or shrinking if λ < 0, λ = 0 or λ > 0, respectively. When
X = ∇ψ for some smooth function ψ onM , we write (M, g,∇ψ, λ) for the gradient
Ricci soliton with potencial function ψ. In this case, the fundamental equation can
be rewritten as
Ric+∇2ψ = λg, (1.3)
where∇2ψ denotes the Hessian of ψ. For more details see [8, 16]. It has been known
since the early 90’s that a compact gradient steady or expanding Ricci soliton is
necessarily an Einstein manifold [17, 20]. In [24], Petersen andWylie used a theorem
due to Brinkmann [7] to show that any surface gradient Ricci soliton is a warped
product. It is also known that Robert Bryant (see [6, 12]) constructed a steady
Ricci soliton as the warped product (0,+∞)×f Sm, m > 1, with a radial warping
function f . Since this latter function is not limited we reach the following natural
question: Under which conditions a warped product with a limited warping function
is a Ricci soliton? Our first theorem gives a partial answer to this question.
Theorem 1. Let M = Bn×f Fm be a warped product and ϕ a smooth function on
B so that (M, g,∇ϕ˜, λ) be an expanding or steady gradient Ricci soliton. Assume
that its fiber Fm is of dimension at least two and that its warping function f reaches
both maximum and minimum. Then M must be a Riemannian product.
This latter theorem is motivated by the ideas of [22] which concern compact
Einstein warped product spaces with non-positive scalar curvature. We point out
that Theorem 1 is a natural generalisation of the Einstein case to the Ricci soliton
case without the compactness condition on the product that was taken in [22]. Inci-
dentally, an interesting fact emerges when we study Ricci solitons that are realised
as a warped product. Indeed, their bases satisfy the equation (1.4) below. This is
a generalisation of the Einstein metrics, which contains quasi-Einstein metrics (see
p. 6).
The next result establishes a compactness criterion of shrinking gradient Ricci
soliton warped product under the condition that the base is compact.
Theorem 2. Let M = Bn ×f Fm be a warped product and ϕ a smooth function
on B so that (M, g,∇ϕ˜, λ) be a shrinking gradient Ricci soliton with compact base
and fiber with dimension at least two. Then M must be a compact manifold.
It should be emphasized that there are several further interesting obstructions
to the existence of Einstein metrics. For more details about this subject see [2, 3,
4, 11, 22]. According to this fact, it is natural to investigate the obstruction results
for Ricci solitons that are realised as a warped product. Beyond Theorems 1 and
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2, we will prove some more in the course of this paper, as it can be seen in the
remarks and corollaries.
We next obtain a necessary and sufficient condition for constructing a gradient
Ricci soliton warped product. For this reason, we consider a Riemannian manifold
(Bn, gB) with two smooth functions f > 0 and ϕ satisfying
Ric+∇2ϕ = λgB + m
f
∇2f (1.4)
and
2λϕ− |∇ϕ|2 +∆ϕ+ m
f
∇ϕ(f) = c (1.5)
for some constants m, c, λ ∈ R, with m 6= 0. We will prove that f and ϕ satisfy
λf2 + f∆f + (m− 1)|∇f |2 − f∇ϕ(f) = µ (1.6)
for a constant µ ∈ R, cf. Proposition 3.
By takingm to be an integer at least 2 and using the Bishop and O’Neill formulas
(cf. Lemmas 1 and 2), we construct a gradient Ricci soliton warped product as
follows.
Theorem 3. Let (Bn, gB) be a complete Riemannian manifold with two smooth
functions f > 0 and ϕ satisfying (1.4) and (1.5). Take the constant µ satisfying
(1.6) and a complete Riemannian manifold (Fm, gF ) with Ricci tensor
FRic = µgF
and m > 1. Then (Bn ×f Fm, g,∇ϕ˜, λ) is a gradient Ricci soliton warped product.
At this juncture we should stress the fact that the requirement that the metric
gF is Einstein is indispensable, cf. Proposition 2. Furthermore, µ is necessarily
constant when the dimension of the fiber is at least 2, cf. Proposition 3.
As an application we will construct a class of expanding Ricci soliton warped
product having as a fiber an Einstein manifold with non-positive scalar curvature,
cf. Corollary 2.
Recently, our Theorem 3 along with other excellent results have been proven in
the case of steady gradient Ricci solitons warped product when the base is conformal
to an n(≥ 3)-dimensional pseudo Euclidean space invariant under the action of an
(n − 1)-dimensional translation group (see [25]). As a consequence of the ODE’s
theory we observe that the technique of [25] only applies to the construction of a
steady Ricci soliton.
Other relevant works to be cited are Ivey [21] and Dancer-Wang [13]. The out-
come of these papers is the construction of noncompact gradient steady solitons,
which was achieved by the use of double and multiple warped products. Notice
that this construction is a generalisation of the construction of the Bryant’s soli-
ton. Also, Gastel-Kornz [15] constructed a two-parameter family (doubly warped
product metrics) of gradient expanding solitons on Rn × Fm, where Fm (m ≥ 2)
is an Einstein manifold with positive scalar curvature.
2. Preliminaries
In this section we shall follow the notation and terminology of Bishop and O’Neill
[5]. Our immediate goal is to relate the calculus ofM = B×F to that of its factors.
The crucial notion for this is that of a lifting. We consider the lift f˜ = f ◦ pi of f to
M = B × F of the a smooth real-valued function f on B and the lift of X ∈ X(B)
to M is the vector field X˜ ∈ X(M) whose value at each (p, q) is the unique vector
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X˜ ∈ T(p,q)M such that dpi(X˜) = X . Thus the lift of X to M is the unique element
of X(M) that is pi-related to X and σ-related to the zero vector field on F . The set
of all such horizontal lifts X˜ is denoted by L(B). Functions and vector fields on F
are lifted to M in the same way using the projection σ. The set of all such vertical
lifts V˜ is denoted by L(F ). From now on, if X ∈ X(B), when there is no danger of
confusion, we will use the same notation for its horizontal lift X ∈ L(B); similarly
for the vertical lift V ∈ L(F ) of V ∈ X(F ).
Recall that the warped product M = Bn ×f Fm of two Riemannian manifolds
is simply their Riemannian product endowed with the metric (1.1). The manifold
B is called the base of M and F the fiber. Tangent vectors to the leaves are
horizontal and tangent vectors to the fibers are vertical. We denote by H the
orthogonal projection of T(p,q)M onto its horizontal subspace T(p,q)(B× q), and by
V the projection onto the vertical subspace T(p,q)(p×F ). It is well known that the
gradient of the lift h◦pi of a smooth function h on B toM is the lift of the gradient
of h. Thus there should be no confusion if we simplify the notation by writing h˜
for h ◦ pi, so that the gradient, the Hessian and the Laplacian of h˜ calculated in
the metric of M are denoted respectively by ∇h˜, ∇2h˜ and ∆h˜, where ∆ = tr(∇2).
We will denote by D, ∇ and F∇ the Levi-Civita connections of the M , B and F ,
respectively. The following result is crucial for us.
Lemma 1 ([5]). On M = Bn ×f Fm, if Y, Z ∈ L(B) and V,W ∈ L(F ), then
(i) DY Z is the lift of ∇Y Z on B,
(ii) DY V = DV Y =
Y (f)
f
V ,
(iii) H(DVW ) = − g(V,W )f ∇f ,
(iv) V(DVW ) ∈ L(F ) is the lift of F∇VW on F .
In particular,
∆h˜ = ∆h+
m
f
∇h(f), (2.1)
for every smooth function h on B.
In what follows we shall write Ric for the Ricci tensor of the warped product,
BRic for the lift of the Ricci tensor of B and FRic for the lift of the Ricci tensor of
F . Moreover, we denote by Hh the lift of the Hessian ∇2h of a smooth function h
on B to M . Observe that for all Y, Z ∈ L(B) we have ∇2h˜(Y, Z) = Hh(Y, Z).
Lemma 2 ([5]). On M = Bn ×f Fm, m > 1, let Y, Z ∈ L(B) and V,W ∈ L(F ).
Then
(i) Ric(Y, Z) = BRic(Y, Z)− m
f
Hf(Y, Z),
(ii) Ric(Y, V ) = 0,
(iii) Ric(V,W ) = FRic(V,W )− (∆f
f
+ |∇f |
2
f2
(m− 1))g(V,W ).
Now, given a gradient Ricci soliton (Mk, g,∇ψ, λ), we take the trace of the
equation (1.3) to obtain
R+∆ψ = kλ.
Moreover, Hamilton [17] proved that
2λψ − |∇ψ|2 +∆ψ = c, (2.2)
for some constant c. In this direction we deduce similar equation to (2.2) for the
base of the a gradient Ricci soliton warped product, cf. equation (3.1) below. This
is the first result of the next section.
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3. Existence conditions for the Ricci soliton warped product
Now we study a Riemannian manifold (Bn, gB) as possible base of a gradient
Ricci soliton warped product (M = Bn ×f Fm, g,∇ψ, λ). This way, it is natural
to suppose that the potential function ψ is the lifting of a smooth function ϕ
defined in Bn, i.e., the base will carry crucial information of M , like on an Einstein
warped product case as well as all the known examples in the literature. With this
considerations in mind, we establish restrictions on the functions that parametrise
a gradient Ricci soliton warped product. The first one is the Hamilton’s equation
(2.2) for Bn.
Proposition 1. Let M = Bn×f Fm be a warped product and ϕ a smooth function
on B so that (M, g,∇ϕ˜, λ) is a gradient Ricci soliton. Then we have
2λϕ− |∇ϕ|2 +∆ϕ+ m
f
∇ϕ(f) = c (3.1)
for some constant c.
Proof. From (2.2) we have
2λϕ˜− |∇ϕ˜|2 +∆ϕ˜ = c (3.2)
for some constant c. On the other hand,
∇ϕ˜ = ∇˜ϕ and ∆ϕ˜ = ∆ϕ+ m
f
∇ϕ(f) (3.3)
and substituting (3.3) in (3.2) we obtain immediately equation (3.1). 
Proposition 2. Let M = Bn×f Fm be a warped product and ϕ a smooth function
on B so that (M, g,∇ϕ˜, λ) is a gradient Ricci soliton, with m > 1. Then we have
BRic+Hϕ = λgB +
m
f
Hf (3.4)
and FRic = µgF with µ satisfying
µ = λf2 + f∆f + (m− 1)|∇f |2 − f∇ϕ(f). (3.5)
Proof. First we observe that for all Y, Z ∈ L(B) we have
Ric(Y, Z) =BRic(Y, Z)− m
f
Hf (Y, Z).
Using the fundamental equation (1.3) and the fact that ∇2ϕ˜(Y, Z) = Hϕ(Y, Z) we
deduce that
BRic(Y, Z) = λgB(Y, Z)−Hϕ(Y, Z) + m
f
Hf (Y, Z).
This proves the first assertion of the proposition. Similarly, for V,W ∈ L(F ) we
have
FRic(V,W ) = λg(V,W )−∇2ϕ˜(V,W ) +
(∆f
f
+ (m− 1) |∇f |
2
f2
)
g(V,W )
= λf2gF (V,W )−∇2ϕ˜(V,W ) + f
(
∆f + (m− 1) |∇f |
2
f
)
gF (V,W ).
Since ∇ϕ˜ ∈ L(B) we get
∇2ϕ˜(V,W ) = g(DV∇ϕ˜,W ) = g
(∇ϕ˜(f)
f
V,W
)
= f∇ϕ(f)gF (V,W ). (3.6)
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Thus,
FRic(V,W ) =
(
λf2 + f∆f + (m− 1)|∇f |2 − f∇ϕ(f))gF (V,W ).
Hence we complete the proof of the proposition. 
The main purpose of this article is to consider Ricci solitons that are warped
products, so the previous proposition justifies why we considered equation (1.4)
in the introduction. Motivated by the work of Maschler [23], we will refer to this
equation as the Ricci-Hessian type equation. In [10], Case-Shu-Wei introduced
the concept of quasi-Einstein metrics which originated from the usual study of
Einstein manifolds that are realised as warped products, cf. Besse [4]. Thus, it
was naturally expected that the class of Ricci-Hessian type equation contains the
class of quasi-Einstein metrics. In order to prove this assertion, let (Bn, g, h, λ) be
a quasi-Einstein metric, that is
Ric+∇2h− 1
m
dh⊗ dh = λg
for some λ ∈ R and 0 < m ≤ ∞. Taking m = 4r <∞, ϕ = h2 and f = e−
ϕ
r , we get
r
f
∇2f = −∇2ϕ+ 1
r
dϕ⊗ dϕ.
Thus, by straightforward computation we have that (Bn, g, ϕ, f) satisfies the Ricci-
Hessian type equation, namely
Ric+∇2ϕ = λg + r
f
∇2f. (3.7)
For m =∞, we must consider ϕ = h and f = constant.
Now let us suppose that (Bn, g, ϕ, f, λ) satisfies an equation of the type (3.7),
for some r > 0. Notice that the following relation holds true
∇2 ln(f) = 1
f
∇2f − 1
f2
df ⊗ df. (3.8)
From (3.7) and (3.8), we get
λg = Ric+∇2ϕ− r∇2 ln(f)− r
f2
df ⊗ df
= Ric+∇2ξ − 1
r
dξ ⊗ dξ +∇2ϕ, (3.9)
where ξ := −r ln(f), which completes the proof of our assertion. This turn out that
the difference between this classes is in the non-homotheticity of ∇ϕ.
Another interesting situation is when we allow λ to be a smooth function on the
manifold. In this case, we have the following example which may be very useful in
further studies.
Example 1. Let (Mn(τ), g◦) be the standard sphere S
n or the hyperbolic space Hn
for τ = 1 or τ = −1 respectively. We denote hv a height function with respect
to a fixed unit vector v ∈ Rn+1. Then for each real number m 6= 0, the functions
λ = τ(n − 1) − τ
m
h2v − hv, f = e−
τ
m
hv and ϕ = 12mh
2
v satisfy equation (1.4) on
(Mn(τ), g◦), once
dϕ =
hv
m
dhv, df = − τ
m
e−
τ
m
hvdhv and ∇2hv = −τhvg◦,
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we get
∇2ϕ = 1
m
dhv ⊗ dhv − τ
m
h2vg◦ and
m
f
∇2f = 1
m
dhv ⊗ dhv + hvg◦.
On the other hand, Ric = τ(n − 1)g◦, so it is sufficient to choose λ as at present
example in order to obtain our desired statement.
Now, we can identify any (0, 2)-tensor T on M with a (1, 1)-tensor by the equa-
tion
g(T (Z), Y ) = T (Z, Y )
for all Y, Z ∈ X(M). Thus, we get
div(ϕT ) = ϕdivT + T (∇ϕ, ·) and ∇(ϕT ) = ϕ∇T + dϕ⊗ T
for all ϕ ∈ C∞(M). In particular, we have div(ϕg) = dϕ. Moreover, the following
general facts are well known in the literature
div∇2ϕ = Ric(∇ϕ, ·) + d∆ϕ and 1
2
d|∇ϕ|2 = ∇2ϕ(∇ϕ, ·).
These identities will be used in what follows without further comments.
Proposition 3. Let (Bn, g) be a Riemannian manifold with two smooth functions
f > 0 and ϕ satisfying
Ric+∇2ϕ = λg + m
f
∇2f and 2λϕ− |∇ϕ|2 +∆ϕ+ m
f
∇ϕ(f) = c (3.10)
for some constants m, c, λ ∈ R, with m 6= 0. Then f and ϕ satisfy
λf2 + f∆f + (m− 1)|∇f |2 − f∇ϕ(f) = µ (3.11)
for a constant µ ∈ R.
Proof. From (3.10) we obtain S = nλ+ m
f
∆f−∆ϕ, where S is the scalar curvature
of B. Thus,
dS = −m
f2
∆fdf +
m
f
d(∆f)− d(∆ϕ). (3.12)
Let us now use the second contracted Bianch identity, namely
0 = −1
2
dS + divRic. (3.13)
We compute
divRic = mdiv
( 1
f
∇2f
)
− div(∇2ϕ)
= m
( 1
f
div(∇2f)− 1
f2
(∇2f)(∇f, ·)
)
− div(∇2ϕ)
=
m
f
Ric(∇f, ·) + m
f
d(∆f)− m
2f2
d(|∇f |2)−Ric(∇ϕ, ·)− d(∆ϕ).
From (3.10) we have
Ric(∇f, ·) = λdf + m
2f
d(|∇f |2)− (∇2ϕ)(∇f, ·),
Ric(∇ϕ, ·) = λdϕ+ m
f
(∇2f)(∇ϕ, ·)− 1
2
d(|∇ϕ|2).
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This way
divRic =
m
f
(
λdf +
m
2f
d(|∇f |2)− (∇2ϕ)(∇f, ·)
)
+
m
f
d(∆f)− m
2f2
d(|∇f |2)
−
(
λdϕ+
m
f
(∇2f)(∇ϕ, ·)− 1
2
d(|∇ϕ|2)
)
− d(∆ϕ)
=
m
f
λdf +
m2
2f2
d(|∇f |2)− m
f
(∇2ϕ)(∇f, ·) + m
f
d(∆f)− m
2f2
d(|∇f |2)
−λdϕ− m
f
(∇2f)(∇ϕ, ·) + 1
2
d(|∇ϕ|2)− d(∆ϕ)
=
m
f
λdf +
m(m− 1)
2f2
d(|∇f |2) + m
f
d(∆f)− λdϕ+ 1
2
d(|∇ϕ|2)− d(∆ϕ)
−m
f
[
(∇2ϕ)(∇f, ·) + (∇2f)(∇ϕ, ·)].
Since d(∇ϕ(f)) = (∇2ϕ)(∇f, ·) + (∇2f)(∇ϕ, ·), then
divRic =
m
f
λdf +
m(m− 1)
2f2
d(|∇f |2) + m
f
d(∆f)− λdϕ+ 1
2
d(|∇ϕ|2)− d(∆ϕ)
−m
f
d(∇ϕ(f)). (3.14)
Plugging the equations (3.12) and (3.14) into equation (3.13) we have
0 =
m
2f2
∆fdf − m
2f
d(∆f)− 1
2
d(∆ϕ) +
m
f
λdf +
m(m− 1)
2f2
d(|∇f |2) + m
f
d(∆f)
−λdϕ+ 1
2
d(|∇ϕ|2)− m
f
d(∇ϕ(f)).
Multiplying the previous equation by 2f
2
m
we get
0 = ∆fdf − fd(∆f)− f
2
m
d(∆ϕ) + 2fλdf + (m− 1)d(|∇f |2) + 2fd(∆f)
−2f
2
m
λdϕ+
f2
m
d(|∇ϕ|2)− 2fd(∇ϕ(f)).
Simplifying and regrouping the terms, we obtain
0 = d
(
f∆f+λf2+(m−1)|∇f |2)− f2
m
d
(
∆ϕ+2λϕ−|∇ϕ|2)−2fd(∇ϕ(f)). (3.15)
But, by hypothesis 2λϕ− |∇ϕ|2 +∆ϕ+ m
f
∇ϕ(f) = c. Whence
− f
2
m
d(∆ϕ+ 2λϕ− |∇ϕ|2)− fd(∇ϕ(f)) = −∇ϕ(f)df. (3.16)
Consequently, equations (3.15) and (3.16) infer
d
(
f∆f + λf2 + (m− 1)|∇f |2 − f∇ϕ(f)) = 0,
which is sufficient to complete the proof. 
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4. Proof of the main results
4.1. Proof of Theorem 1.
Proof. If M = Bn×f Fm, m > 1, is a gradient Ricci soliton with Ric+∇2ϕ˜ = λg,
then Proposition 2 implies FRic = µgF where
µ = λf2 + f∆f + (m− 1)|∇f |2 − f∇ϕ(f). (4.1)
By Proposition 3 µ is constant, where the equations in (3.10) are guaranteed from
equations (3.4) and (3.1). Let p, q ∈ Bn be the points where f attains its maximum
and minimum in Bn. Then
∇f(p) = 0 = ∇f(q) and ∆f(p) ≤ 0 ≤ ∆f(q).
Since f > 0 and λ ≤ 0 we have −λf(p)2 ≥ −λf(q)2 and combining this with (4.1)
we get
0 ≥ f(p)∆f(p) = µ− λf(p)2 ≥ µ− λf(q)2 = f(q)∆f(q) ≥ 0. (4.2)
This last equation now implies
µ− λf(p)2 = µ− λf(q)2 = 0.
Thus, λ < 0 infers that f(p) = f(q), i.e., f is constant. For λ = 0 we have that
µ = 0 and equation (4.1) reduces to
Lf = ∆f −∇ϕ(f) = 1
f
(1−m)|∇f |2 ≤ 0,
where L := ∆−∇ϕ. Therefore, by the strong maximum principle f is constant. In
either case M is a Riemannian product. 
Remark 1. The warping function f does not reach a minimum if µ ≤ 0 and
λ > 0. Indeed, under the latter hypothesis (4.1) implies Lf < 0. Now, if f reaches
a minimum, we have by the strong maximum principle that f is constant, which
contradicts (4.1).
4.2. Proof of Theorem 2.
Proof. Assume that Bn×f Fm, m > 1, is a gradient Ricci soliton with Ric+∇2ϕ˜ =
λg. As in the proof of Theorem 1 we have FRic = µgF , where the constant µ is
given by (4.1) or equivalently
µ = λf2 + fLf + (m− 1)|∇f |2.
By integration
µ volϕ(B
n) = λ
∫
Bn
f2e−ϕdB + (m− 2)
∫
Bn
|∇f |2e−ϕdB.
Since λ > 0 and m > 1 we conclude that µ > 0 and so Fm is compact by the
Bonnet-Myers Theorem. Thus, Bn × Fm is a compact manifold. 
Remark 2. Notice that Theorem 2 has the following alternative proof. Recall first
that if both Bn and Fm are complete Riemannian manifolds then M = Bn ×f Fm
is complete for every warping function f . Since ∇ϕ˜ ∈ L(B) and Bn is compact
we must have that |∇ϕ˜| is bounded on the shrinking Ricci soliton (M, g,∇ϕ˜, λ).
Therefore, we can apply Theorem 1 in [14] to affirm that M is compact manifold.
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Remark 3. It is known that non-trivial compact Ricci solitons only exist in dimen-
sions k ≥ 4 (see [18, 20] or [8]). In particular, any shrinking gradient Ricci soliton
warped product with compact base of dimension one and fiber with dimension two
must be trivial, since by Theorem 2 it is compact.
It now arises the following natural question: Is it possible to construct a gradient
Ricci soliton warped product with compact base and non-constant warping function?
Corollaries 1 and 3 give a partial answer to this question.
Corollary 1. It is not possible to construct a gradient Ricci soliton warped product
with compact base and non-constant warping function, so that its fiber is a Rie-
mannian manifold of dimension at least two and of non-positive scalar curvature.
Proof. Suppose that Mk is a gradient Ricci soliton warped product with compact
base and non-constant warping function having as fiber a Riemannian manifold of
dimension at least two. By Theorem 1,Mk must be shrinking Ricci soliton. Hence,
as in the proof of Theorem 2 its fiber must be an Einstein manifold with positive
constant scalar curvature. 
4.3. Proof of Theorem 3.
Proof. By the hypotheses on f and ϕ we can conclude from Proposition 3 that any
µ given by (1.6) is constant. Now, taking an Einstein manifold (Fm, gF ) with Ricci
tensor FRic = µgF , we can consider the warped product (B
n ×f Fm, g) with g =
pi∗gB + (f ◦ pi)2σ∗gF . Notice that this manifold has a structure of Ricci soliton. In
fact, we observe that it follows fromHϕ(Y, Z) = ∇2ϕ˜(Y, Z),Hf (Y, Z) = ∇2f˜(Y, Z),
part (i) of Lemma 2 and the hypothesis (1.4) that the fundamental equation
Ric+∇2ϕ˜ = λg
is satisfied for all Y, Z ∈ L(B). When Y ∈ L(B) and V ∈ L(F ) we use ∇ϕ˜ ∈ L(B)
and part (i) of Lemma 1 to verify that ∇2ϕ˜(Y, V ) = g(DY∇ϕ˜, V ) = 0. So, by part
(ii) of Lemma 2, the fundamental equation is again satisfied.
Finally, for V,W ∈ L(F ) we have by definition of µ and part (iii) of Lemma 2
that
Ric(V,W ) = µgF (V,W )− (f∆f + (m− 1)|∇f |2)gF (V,W )
= (λf2 − f∇ϕ(f))gF (V,W )
= (λ− 1
f
∇ϕ(f))g(V,W )). (4.3)
On the other hand, equation (3.6) gives us
∇2ϕ˜(V,W ) = f∇ϕ(f)gF (V,W ) = 1
f
∇ϕ(f)g(V,W ). (4.4)
Combining equations (4.3) and (4.4) we conclude that the fundamental equation is
again satisfied, which completes the proof of Theorem 3. 
As an application we construct the following class of expanding Ricci solitons.
Recall first that the Gaussian soliton is the Euclidean space Rn endowed with its
standard metric g◦ and the potential function ψ(x) =
λ
2 |x|2. Moreover, let us
consider on Rn the metric g¯ = 1
ρ2
g◦, where ρ is a positive smooth function on
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n. We need to find two smooth functions f > 0 and ϕ on Rn and a constant λ
satisfying a Ricci-Hessian type equation on (Rn, g¯), i.e.,
Ricg¯ + ∇¯2ϕ = λg¯ + m
f
∇¯2f, (4.5)
where m > 0 is an integer. Considering the theoretical facts we obtain
Ricg =
1
ρ2
{
(n− 2)ρ∇2ρ+ (ρ∆ρ− (n− 1)|∇ρ|2)g◦
}
, (4.6)
where the two summands appearing in the second term of this equation are calcu-
lated in the metric g◦. Moreover, for every h ∈ C∞(Rn) the following are valid
(∇¯2h)ij = hxixj +
ρxj
ρ
hxi +
ρxi
ρ
hxj for i 6= j,
(∇¯2h)ii = hxixi + 2
ρxi
ρ
hxi −
∑
k
ρxk
ρ
hxk for i = j.
So we need to analyze equation (4.5) in two cases. For i 6= j, it rewrites as
(n− 2)ρxixj
ρ
+ ϕxixj +
ρxj
ρ
ϕxi +
ρxi
ρ
ϕxj =
m
f
(
fxixj +
ρxj
ρ
fxi +
ρxi
ρ
fxj
)
(4.7)
and for i = j,
(n− 2)ρxixi
ρ
+
1
ρ
∑
k
ρxkxk −
(n− 1)
ρ2
∑
k
ρ2xk + ϕxixi + 2
ρxi
ρ
ϕxi
=
1
ρ
∑
k
ρxkϕxk +
λ
ρ2
+
m
f
(
fxixi + 2
ρxi
ρ
fxi −
1
ρ
∑
k
ρxkfxk
)
. (4.8)
We assume that the functions have the following dependencies ρ = ρ(xn), f = f(xn)
and ϕ = ϕ(y), where x = (y, xn) ∈ Rn and y = (x1, . . . , xn−1). So taking i = n on
(4.7) we have for all j 6= n
ρxnϕxj = 0.
Again from (4.7), for i 6= n, we obtain for all i 6= j 6= n,
ϕxixj = 0. (4.9)
As we are interested in obtaining nontrivial solutions for (4.5), we should consider
ρ constant. Thus, from (4.8) we get
ϕxixi −
m
f
fxixi =
λ
ρ2
. (4.10)
Whence, for i 6= n, we have
ϕxixi =
λ
ρ2
. (4.11)
Hence, from (4.9) and (4.11), ϕ it is well determined by
(D2ϕ)ij =
λ
ρ2
δij , (4.12)
where D2ϕ stands for the Hessian of ϕ calculated in the metric δij on R
n−1. More-
over, taking i = n on (4.10), we obtain
fxnxn +
λ
mρ2
f = 0. (4.13)
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Therefore, by the theory of ODE’s, it only remains for us to choose λ < 0 in order
to obtain
f(x) = c1e
1
ρ
√
−λ
m
xn + c2e
− 1
ρ
√
−λ
m
xn > 0 (4.14)
for every non-negative constants c1 and c2 which assure f > 0.
The conclusion is that for every negative constant λ, the smooth functions ϕ
and f respectively given by (4.12) and (4.14) satisfy a Ricci-Hessian type equation
(4.5) on (Rn, 1
ρ2
g◦), where ρ > 0 is constant.
Corollary 2. Let Rn be a Euclidean space with Euclidian metric and coordinates
x = (y, xn), where y = (x1, . . . , xn−1) and n > 1. Consider a complete Rie-
mannian manifold (Fm, gF ) with Ricci tensor
FRic = µgF and m > 1. Then
(Rn×f Fm, g,∇ϕ˜, λ) has a structure of expanding gradient Ricci soliton with µ ≤ 0,
where
f(x) = c1e
√
−λ
m
xn + c2e
−
√
−λ
m
xn > 0 and ϕ(x) =
λ
2
|y|2 +
n−1∑
i=1
aixi + b (4.15)
for any vector a = (a1, . . . , an−1) ∈ Rn−1, b ∈ R, and every non-negative constants
c1 and c2 which assure f > 0.
Proof. Taking ρ = 1 in (4.12) and (4.14), we can consider the functions in (4.15)
satisfying equation (3.10) for c = 2λb−|a|2+λ(n−1). Consequently, from equation
(3.11) we compute
µ = λf2 − λ
m
f2 + (m− 1)f2xn = (m− 1)
( λ
m
f2 + f2xn
)
.
A straightforward calculation shows
µ = 4λc1c2
(m− 1)
m
≤ 0.
The conclusion of the corollary now immediately follows from Theorem 3. 
5. Concluding remarks
According to Corollary 1 the compactness of the base of a Ricci soliton warped
product implies restrictions on its existence. For this reason, we establish the
compactness criterion below, whose demonstration follows the same technique used
by Ferna´ndez-Lo´pez and Garc´ıa-Rı´o [14].
Proposition 4. Let (B, g) be a complete Riemannian manifold satisfying
Ric+∇2ϕ− m
f
∇2f ≥ cg (5.1)
for m > 0, some smooth functions ϕ, f on B and some positive constant c. Then,
B is compact provided that |∇ϕ| and |∇(ln f)| are both bounded on (B, g). In
particular, the fundamental group pi1(B) is finite.
Proof. Let p be a point in B and consider any geodesic γ : [0,+∞)→ B emanating
from p and parameterized by arc length s. From inequality (5.1) we have
Ric(γ′, γ′) ≥ cg(γ′, γ′)− g(∇γ′∇ϕ, γ′) + m
f
g(∇γ′∇f, γ′)
= c− d
ds
g(∇ϕ, γ′) +m d
ds
g(∇(ln f), γ′) + m
f2
(γ′(f))2.
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Thus, by integrating and using the Cauchy-Schwarz inequality, we get∫ t
0
Ric(γ′, γ′)ds ≥ ct+ g(∇ϕp, γ′(0))− g(∇ϕγ(t), γ′(t)) −mg(∇(ln f)p, γ′(0))
−mg(∇(− ln f)γ(t), γ′(t))
≥ ct+ g(∇ϕp, γ′(0))− |∇ϕγ(t)| −mg(∇(ln f)p, γ′(0))
−m|∇(ln f)γ(t)|.
Since |∇ϕ| and |∇(ln f)| are both bounded, we obtain∫ +∞
0
Ric(γ′, γ′)ds = +∞.
So, the compactness of (B, g) follows from the Ambrose’s compactness criterion [1].
Finally, observe that equation (5.1) will also hold true in the universal cover of B,
which will imply the compactness of the latter, and thus pi1(B) is finite. 
Corollary 3. It is not possible to construct a gradient Ricci soliton warped product
Mk with compact base B and non-constant warping function, so that its fiber is a
Riemannian manifold of dimension at least two and pi1(B) is not finite.
Proof. As in the proof of Corollary 1, Mk must be shrinking Ricci soliton warped
product. Hence, by Propositions 2 and 4, its base must be a Riemannian manifold
with finite fundamental group. 
Acknowledgements: The authors would like to express their sincere thanks
to D. Tsonev and E. Ribeiro Jr. for useful comments, discussions and constant
encouragement. The authors also thank the referee for careful reading and useful
comments which improved the paper. This work has been partially supported by
CAPES-Brazil, FAPEAM-Brazil and CNPq-Brazil.
References
[1] Ambrose, W., A Theorem of Myers, Duke Math. J. 24 (3) (1957) 345-348
[2] Barros, A.; Batista, R.; Ribeiro Jr, E., Bounds on volume growth of geodesic balls for Einstein
warped products, Proc. Amer. Math. Soc. 143 (2015) 4415-4422
[3] Barros, A.; Ribeiro Jr., E.; Silva, J., Uniqueness of quasi-Einstein metrics on 3-dimensional
homogeneous manifolds, Differential Geom. Appl. 35 (2014) 60-73
[4] Besse, A. L., Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete (3)
[Results in Mathematics and Related Areas (3)], vol. 10, Springer-Verlag, Berlin, 1987
[5] Bishop, R. L.; O’Neill, B., Manifolds of negative curvature, Trans. Amer. Math. Soc. 145
(1969) 1-49
[6] Bryant, R.: Existence of a gradient Ricci soliton in dimension three. Preprint
[7] Brinkmann H. W., Einstein spaces which are mapped conformally on each other, Math. Ann.
94 (1925) 119-145
[8] Cao, H. D., Recent progress on Ricci soliton, Adv. Lect. Math. 11 (2009) 1-38
[9] Calabi, E., On manifolds with non-negative Ricci curvature II. Notices Amer. Math. Soc., 22
(1975) A205
[10] Case, J.; Shu, Y.; Wei, G., Rigity of quasi-Einstein metrics, Differential Geom. Appl. 29
(2011) 93-100
[11] Case, J., The nonexistence of quasi-Einstein metrics, Pacific J. Math. 248 (2) (2010) 277-284
[12] Chow, B. et al., The Ricci Flow: Techniques and Applications Part I: Geometric Aspects.
Mathematical Surveys and Monographs, vol. 135, American Mathematical Society, Provi-
dence, RI, 2007.
[13] Dancer, A. S.; Wang, M. Y., Some new examples of non-Ka¨hler Ricci solitons, Math. Res.
Lett. 16 (2) (2009) 349-363
14 F.E.S. FEITOSA, A.A. FREITAS FILHO AND J.N.V. GOMES
[14] Ferna´ndez-Lo´pez, M.; Garc´ıa-R´ıo, E., A remark on compact Ricci solitons, Math. Ann. 340
(2008) 893-896
[15] Gastel, A.; Kronz, M., A family of expanding Ricci solitons, Progr. Nonlinear Differential
Equations Appl. 59 (2004) 81-93
[16] Hamilton, R. S., Three-manifolds with positive Ricci curvature, J. Diff. Geom. 17 (2) (1982)
255-306
[17] Hamilton, R. S., The formation of singularities in the Ricci flow, Surveys in Differential
Geometry (Cambridge, MA, 1993), International Press, Combridge, MA, 2 (1995) 7-136
[18] Hamilton, R. S., The Ricci flow on surfaces, mathematics and general relativity (Santa Cruz,
CA, 1986), Contemp. Math. 71, Amer. Math. Soc., Providence, RI, (1988) 237-262
[19] He, C.; Petersen, P.; Wylie, W., On the classification of warped product Einstein metrics,
Comm. Anal. Geom. 20 (2) (2012) 271-311
[20] Ivey, T., Ricci solitons on compact three-manifolds, Differential Geom. Appl. 3 (1993) 301-307
[21] Ivey, T., New examples of complete Ricci solitons, Proc. Amer. Math. Soc. 122 (1994) 241-245
[22] Kim, D.-S.; Kim, Y. H., Compact Einstein warped product spaces with nonpositive scalar
curvature, Proc. Amer. Math. Soc. 131 (8) (2003) 2573-2576
[23] Maschler, G., Special Ka¨hler-Ricci potentials and Ricci solitons, Ann. Global Anal. Geom.
34 (2008) 367-380
[24] Petersen, P.; Wylie, W., On the classification of gradient Ricci solitons, Geom. Topol. 14
(2010) 2277-2300
[25] Pina, R. S.; Sousa, M. L., Gradient Ricci Solitons with Structure of Warped Product, Results
Math. 71 (3) (2017) 825-840
[26] Yau, S. T., Some function-theoretic properties of complete Riemannian manifold and their
applications to geometry, Indiana Univ. Math. J. 25 (7) (1976) 659-670
(F.E.S. Feitosa) Departamento de Matema´tica-ICE-UFAM, 69080-900, Manaus-AM-BR
E-mail address: feitosaufam@gmail.com
(A.A. Freitas Filho) Departamento de Matema´tica-ICE-UFAM, 69080-900, Manaus-
AM-BR
E-mail address: freitas.airtonfilho@hotmail.com
(J.N.V. Gomes) Departamento de Matema´tica-ICE-UFAM, 69080-900, Manaus-AM-BR
E-mail address: jnvgomes@pq.cnpq.br
URL: http://www.ufam.edu.br
